Abstract We study genus g hyperelliptic curves with reduced automorphism group A 5 and give equations y 2 = f (x) for such curves in both cases where f (x) is a decomposable polynomial in x 2 or x 5 . For any fixed genus the locus of such curves is a rational variety. We show that for every point in this locus the field of moduli is a field of definition. Moreover, there exists a rational model y 2 = F (x) or y 2 = xF (x) of the curve over its field of moduli where F (x) can be chosen to be decomposable in x 2 or x 5 . While similar equations have been given in [2] over R, this is the first time that these equations are given over the field of moduli of the curve.
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Introduction
Let X g denote a genus g hyperelliptic curve defined over an algebraically closed field k of characteristic zero, z 0 its hyperelliptic involution, and G := Aut(X g ) its automorphism group. The group G = G/ z 0 is called the reduced automorphism group of X g . We denote by H g the moduli space of genus g hyperelliptic curves and by L G g the locus in H g of hyperelliptic curves with automorphism group G.
In previous works we have focused on the loci L G g of hyperelliptic curves with V 4 embedded in the automorphism group G, or when G is isomorphic D. Sevillato Z n , or A 4 ; see [6] , [9] . This paper continues on the same line of thought as [9] focusing instead on the case when G is isomorphic to A 5 .
The second section covers basic facts on automorphism groups of hyperelliptic curves. The group G is a finite subgroup of P GL 2 (C). By a theorem of Klein (see [8] ), G is isomorphic to one of the following: Z n , D n , A 4 , S 4 , A 5 . We are interested in the latter case. We give a representation of the group G = A 5 in P GL 2 (C). The group A 5 acts on the genus zero field k(x) via the natural way. The fixed field is a genus 0 field, say k(z). Thus, z is a degree 60 rational function in x which we denote by z := φ(x). Using this representation we compute the fixed field of A 5 . This rational function φ(x) (up to a coordinate change) can be decomposed in x 2 , x 3 , or x 5 . Using computer algebra techniques (i.e, see [4] ) we compute such decompositions and use the decomposition in x i , i = 2, 3, 5 to compute an equation y 2 = f (x i ) of the hyperelliptic curves. The equation for i = 2 makes it possible to compute dihedral invariants of such curves (cf. section 4).
In section three we determine the ramification signature σ of the cover Φ : X g → X g /Aut(X g ). Using this ramification structure we are able to show that if Aut(X g ) ∼ = A 5 then g ≡ 0, 5, 9, 14, 15, 20, 24, 29 (mod 30). Then the full automorphism group Aut(X g ) is isomorphic to Z 2 ⊗A 5 or SL 2 (5) . Moduli spaces of covers Φ are Hurwitz spaces, which we denote by H σ . There is a map Φ σ : H σ → M g , where M g is the moduli space of genus g algebraic curves. For a fixed g there is only one signature that occurs for the cover Φ : X g → X g /Aut(X g ). Hence, we denote by L g the image Φ σ (H σ ) in the hyperelliptic locus H g . Given a curve X g we would like to determine if it belongs to the locus L g and describe points p ∈ L g . Hence, we need invariants which determine the isomorphism classes of these curves. In the last part of section three we determine the parametric equations of such curves in all cases g ≡ 0, 5, 9, 14, 15, 20, 24, 29 (mod 30). Using the decompositions of φ(x) we are able to compute these equations
In section four we give a brief introduction of the classical invariants of binary forms. Such invariants classify the orbits of the SL 2 (k)-action on the space of binary forms. We use transvections to discover invariants which give necessary conditions for a curve to have reduced automorphism group isomorphic to A 5 or full automorphism group isomorphic to Z 2 ⊗ A 5 or SL 2 (5). Such conditions appear in the literature for the first time. Further, we compute the dihedral invariants of such curves and determine the algebraic relations among them.
In the last section we discuss the field of moduli versus the field of definition for hyperelliptic curves with reduced automorphism group A 5 . This is a problem of algebraic geometry that goes back to Weil and Grothendieck. It follows from [10] or [6] that for hyperelliptic curves with reduced automorphism group A 5 the field of moduli is a field of definition. However, no rational models of the curve over the field of moduli have been known. We construct such models for all curves X g with Aut(X g ) ∼ = A 5 . In the last part of the paper we discuss in more detail the 1-dimensional families for all cases g ≡ 0, 5, 9, 14, 15, 20, 24, 29 (mod 30). In these cases we prove computation-ally that for such loci L g we have k(L g ) = k(λ), where λ is the fourth branch point of the cover Φ : X g → P 1 . There is plenty of literature on the automorphism groups of hyperelliptic curves. Among many papers we mention [1] , [2] , [6] , [7] , [9] , [10] . Most of these papers have studied determining the automorphism groups of the hyperelliptic curve. The main focus of this paper is the locus of hyperelliptic curves with reduced automorphism group isomorphic to A 5 as a subvariety of the hyperelliptic moduli and the field of definition versus the field of moduli for curves in this locus.
Notation: Throughout this paper k denotes an algebraically closed field of characteristic zero, g an integer ≥ 2, and X g a hyperelliptic curve of genus g. M g (resp., H g ) is the moduli space of curves (resp., hyperelliptic curves) defined over k. The symbol (m) r denotes a permutation which is conjugate in S n to an r product of m-cycles.
Preliminaries
Let X g be a genus g hyperelliptic curve defined over an algebraically closed field k of characteristic zero. We take the equation of X g to be y 2 = F (x), where deg(F ) = 2g + 2. Denote the function field of X g by K := k(x, y). We identify the places of k(x) with the points of P 1 = k ∪ {∞} in the natural way. Then, K is a quadratic extension field of k(x) ramified exactly at n = 2g + 2 places α 1 , . . . , α n of k(x). The corresponding places of K are called the Weierstrass points of K. Let P := {α 1 , . . . , α n }. Thus, K = k(x, y), where y 2 = α∈P (x − α) and α = ∞. Let G = Aut(K/k). Since k(x) is the only genus 0 subfield of degree 2 of K, then G fixes k(x). Thus, Gal(K/k(x)) = z 0 , with z 2 0 = 1, is central in G. We call the reduced automorphism group of K the group G := G/ z 0 . Then, G is naturally isomorphic to the subgroup of Aut(k(x)/k) induced by G. We have a natural isomorphism Γ := P GL 2 (k)
The action of Γ on the places of k(x) corresponds under the above identification to the usual action on P 1 by fractional linear transformations t → at+b ct+d . Further, G permutes α 1 , . . . , α n . This yields an embedding G ֒→ S n .
Because K is the unique degree 2 extension of k(x) ramified exactly at α 1 , . . . , α n , each automorphism of k(x) permuting these n places extends to an automorphism of K. Thus, G is the stabilizer in Aut(k(x)/k) of the set P. Hence under the isomorphism Γ → Aut(k(x)/k), G corresponds to the stabilizer Γ P in Γ of the n-set P.
By a theorem of Klein, G is isomorphic to one of the following: Z n , D n , A 4 , S 4 or A 5 . We are interested in the latter case. The branching indices of the corresponding cover φ : P 1 → P 1 /A 5 are 2, 5, 3 respectively; see [9] for details of the general setup. That means that A 5 is given as A 5 ∼ = σ 1 , σ 2 , σ 3 where σ 1 σ 2 σ 3 = 1 and σ 1 , σ 2 , σ 3 have orders 2, 5, 3. How σ 1 , σ 2 , σ 3 lift in the extension of A 5 will determine G. In the next section, we will determine the cover φ : P 1 → P 1 explicitly. The lifting of the elements will determine the group and the equation of the hyperelliptic curve.
and ǫ is a primitive 5 th root of unity. Then σ 1 , σ 2 have orders 2 and 5 respectively and σ 3 = (σ 1 σ 2 ) −1 has order 3. This gives an embedding of A 5 in P GL 2 (C) in the following way: A 5 ∼ = σ 1 , σ 2 ֒→ P GL 2 (k). In the next section we will find the fixed field L of k(x) under the A 5 action and study intermediate fields of the extension k(x)/L.
The group A 5 given above acts on k(x) via the natural way. The fixed field is a genus 0 field, say k(z). Thus, z is a degree 60 rational function in x, say z = φ(x). In this section we determine φ(x) and its decompositions. Proof It is easy to check that the s i are the coefficients of the minimum polynomial of x over k(z). It is well-known that any non-constant coefficient of this polynomial generates the field.
⊓ ⊔
Corollary 1
The fixed field of A 5 is generated by the function
Proof Apply the theorem to the embedding of A 5 given above.
⊓ ⊔
The branch points of φ : P 1 → P 1 are 0, 1728 and ∞. These correspond respectively to the elements σ 1 , σ 2 , σ 3 in the monodromy group (cf. Section 3.1). At the place z = 1728 the function has the following ramification:
We denote the following by
As we will see in the next section these functions will be instrumental in determining the equation of the hyperelliptic curves.
Decomposition of φ(x)
The automorphism group of k(x)/k(φ) is the embedding of A 5 detailed before. As
, there is a degree-preserving correspondence between subgroups of A 5 and intermediate fields in the extension. By Lüroth's Theorem, each of those fields is k(h) for some rational function h. Now, it is clear that, in general,
Thus, we can use computer algebra techniques to find all the decompositions of φ and describe the lattice of intermediate fields.
It is clear from the expression of φ that there is a decomposition φ = g(x 5 ). This comes also from the fact that the subgroup ǫx of A 5 corresponds to the field generated by
It is also possible to find decompositions involving x 2 or x 3 for functions that are equivalent to φ. Namely, for any σ ∈ P GL 2 (k), a generator of the field fixed for the conjugate group σA 5 σ −1 is φ(σ −1 ). If σ is chosen in such a way as having {x, −x} < σA 5 
will be an intermediate field by Lemma 1. This can be accomplished by conjugating any involution of A 5 into −x. In the same manner, if an element of order 3 in A 5 is conjugated into ζ 3 x, where ζ 3 is a primitive cubic root of 1, the resulting function can be written in terms of
3 . We present the former case here, as it will be used later. The element
will have x 2 as a component. Indeed,
Automorphism groups and the corresponding loci
In this section we determine the automorphism group of X g and the ramification structure of the cover X g → X g /Aut(X g ). Further, we will discuss the locus of such curves in the variety of moduli. The automorphism group G of the hyperelliptic curve is a degree 2 central extension of A 5 . The following lemma is proved in [6] .
and only if it fixes no Weierstrass points. ii) | α | = 2p if and only if it fixes some Weierstrass point.
Thus, G is the monodromy group of a cover φ : P 1 → P 1 with signature (σ 1 , σ 2 , σ 3 ) as in section 2; see §2 in [9] for further details. We fix the coordinates in P 1 as x and z respectively and from now on denote the cover 6 David Sevilla, Tanush Shaska
Thus, z is a rational function in x of degree |G|. We denote by q 1 , q 2 , q 3 the corresponding branch points of φ. Let S be the set of branch points of Φ :
of Weierstrass places of X g and V := ∪
. For each branch point q i , i = 1, 2, 3 we have the degree |G| equation z ·Υ (x)−q i ·Υ (x) = Ψ (x), where the multiplicity of the roots correspond to the ramification index for each q i (i.e., the index of the normalizer in G of σ i ). We denote the ramification of φ :
, where the subscript denotes the degree of the polynomial. Let λ ∈ S \ {q 1 , q 2 , q 3 }. The points in the fiber of a non-branch point λ are the roots of the equation: Ψ (x) − λ · Υ (x) = 0. To determine the equation of the curve we simply need to determine the Weierstrass points of the curve. For each fixed φ there are the following cases:
From the above lemma we have that if the places in the fiber φ
, are Weierstrass points then σ 1 , σ 2 , σ 3 lift in G to elements of order 4, 6, and 10 respectively. The first four cases give the group Z 2 ⊗ A 5 and the other four cases give the group SL 2 (5). We have the following table. The column containing the dimension δ of the corresponding spaces will be explained in the next subsection. In the Table we give the ramification struc- Table 1 All possible signatures when the reduced automorphism group is A5 ture of Φ : X g → P 1 . The tuple (σ 1 , . . . , σ r ) corresponding to this signature is such that G ∼ = σ 1 , . . . , σ r and σ 1 · · · σ r = 1. We call this tuple (σ 1 , . . . , σ r ) the signature tuple of the covering (cf. Section 3.1 for details).
Corollary 2 Let X g be a genus g ≥ 2 hyperelliptic curve with reduced automorphism group isomorphic to
Hurwitz spaces
In this section we give a brief introduction to Hurwitz spaces. For further details the reader can check [11] among many other authors. Let X be a curve of genus g and f : X → P 1 be a covering of degree n with r branch points. We denote the branch points by q 1 , . . . , q r ∈ P 1 and let p ∈ P 1 \ {q 1 , . . . , q r }. Choose loops γ i around q i such that
Γ acts on the fiber f −1 (p) by path lifting, inducing a transitive subgroup G of the symmetric group S n (determined by f up to conjugacy in S n ). It is called the monodromy group of f . The images of γ 1 , . . . , γ r in S n form a tuple of permutations σ = (σ 1 , . . . , σ r ) called a tuple of branch cycles of f . We call such a tuple the signature of φ. The covering f : X → P 1 is of type σ if it has σ as tuple of branch cycles relative to some homotopy basis of P 1 \ {q 1 , . . . , q r }. Two coverings f : X → P 1 and f ′ : X ′ → P 1 are weakly equivalent (resp. equivalent ) if there is a homeomorphism h : X → X ′ and an analytic automorphism g of
. Such classes are denoted by [f ] w (resp., [f ]). The Hurwitz space H σ (resp., symmetrized Hurwitz space H s σ ) is the set of weak equivalence classes (resp., equivalence) of covers of type σ, it carries a natural structure of an quasiprojective variety.
Let C i denote the conjugacy class of σ i in G and C = (C 1 , . . . , C r ). The set of Nielsen classes N (G, C) is
The braid group acts on N (G, C) as
where σ Let M g be the moduli space of genus g curves. We have morphisms
. This causes no confusion since for a fixed g we are in one of the cases of Table 1 .
Next, we see how this applies to our particular situation. The family of covers Φ : X g → P 1 as in Table 1 , have monodromy group Z 2 ⊗ A 5 or SL 2 (5). We denote the set of branch points of f by S := {q 1 , . . . , q r }. The branch cycle description of f is (σ 1 , . . . , σ r ) as in Table 1 . Since we have at least r−3 branch points which have the same ramification then there is an action of S r permuting these branch points (i.e., which correspond to the ramification type (2) 60 ). Notice that in case 1 there is an action of S r+1 on the set of branch points. The symmetrized Hurwitz space is birationally isomorphic to the locus of hyperelliptic curves in hyperelliptic moduli H g with reduced automorphism group A 5 . It will be our goal to determine this locus for any g. We summarize the results of this section in the next lemma.
Lemma 3 Let X g be a genus g ≥ 2 hyperelliptic curve with reduced automorphism group isomorphic to A 5 and L g denote the locus of such curves in the hyperelliptic moduli H g . Then, G := Aut(X g ) and the signature σ of the covering Φ : X g → P 1 are given in Table 1 . Further, each locus L g is δ-dimensional irreducible subvariety of the hyperelliptic moduli H g .
Proof The moduli dimension of these families of covers is δ = r − 3, where r is the number of branch points of the cover Φ : X g → P 1 . The ramification of each branch point q ∈ S \ {q 1 , q 2 , q 3 } is of the type (2) n . The HurwitzRiemann formula determines the number of branch points in each case. ⊓ ⊔
Parametrization of families
In this section we state the equations of curves in each case of Table 1 . Continuing with the notation of section 4.1 we have W ⊂ λ∈S\{q1,q2,q3} φ −1 (λ). Thus the places of W are roots of the polynomial
Then, the equation of the curve for all cases 1-8 is
Since we know z =
Ψ (x)
Υ (x) in each case, then it is an elementary exercise to compute the equation of the curve for all cases of Table 1 . In our case we can apply the above when z = φ(x) or z = φ 1 (x). In the first case we have
. By replacing ϕ, χ, ψ with R, S, T we determine the equation of the curve in each case. In the second case we determine Λ(x) using z = φ 1 (x) andR,S,T .
Isomorphism classes of hyperelliptic curves with reduced automorphism group A 5
In this section we discuss the invariants of hyperelliptic curves with reduced automorphism group A 5 . Such invariants are needed to describe the loci L G g and discuss the field of definition of such curves. We will consider the coefficients of our curves as variables in order to study the relations among the different function fields that will be introduced.
To get a description of L G g for each case of Table 1 , we need invariants which would classify the isomorphism classes of hyperelliptic genus g curves. These invariants are generators of the fixed field of GL 2 (k) acting on the (d + 1)-dimensional space V d of binary forms of degree d.
We use the symbolic method of classical invariant theory to construct invariants of binary forms. Let f (X, Y ) and g(X, Y ) be binary forms of degree n and m respectively. We denote by (f, g) r their r-transvection; see [9] for details. For the rest of this paper F (X, Y ) denotes a binary form of degree d := 2g + 2. Invariants (resp., covariants) of binary forms are denoted by I s (resp., J s ) where the subscript s denotes the degree (resp., the order). We define the following covariants and invariants:
The GL 2 (k)-invariants are called absolute invariants. We define the following absolute invariants:
We will only perform computations on subvarieties L g ⊂ H g of dimension δ ≤ 1, hence don't need other absolute invariants. Next we will give necessary conditions on these invariants for the corresponding curve to have reduced automorphism group A 5 and full automorphism group Z 2 ⊗ A 5 or SL 2 (5). Proof In all cases, it can be directly computed that the corresponding J i 's are zero. ⊓ ⊔ Let X g be a genus g hyperelliptic curve such that Aut(X g ) ∼ = A 5 . Then, X g is isomorphic to a curve given by the equation
Lemma 4 Let
, with
where d = g + 1 or g. Such equation is called the normal equation of the curve X g . The following
(the other case is similar).
From the definition of the invariants we have
Notice that solving this linear system we have a i ∈ k(u 1 , . . . , u g , a 1 , a g ), for each 2 ≤ i ≤ g − 1. For u 1 , u g we have the equation
which is a quadratic polynomial in a g+1 g
. It is shown in [6] that L g is a rational variety and k(L g ) = k(u 1 , . . . , u d−1 ). The next theorem determines a relation between dihedral invariants.
Theorem 1 Let X g be a genus g hyperelliptic curve with Aut(X g ) ∼ = A 5 and (u 1 , . . . , u g ) its corresponding dihedral invariants. Then
This follows from Theorem 3, i) in [6] .
ii) The equation of X g is given by
Computing invariants is the same as in part i). In this case the involutions of Aut(X g ) lift to elements of order 4 in Aut(X g ). From Theorem 3, ii) in [6] we have the equation of part ii). This completes the proof.
⊓ ⊔
Since the discriminant of the quadratic in Eq. (2) is zero (see Thm. 1) we have a 
Notice that a g+1 g ∈ k(b 0 , . . . , b g+1 ). Since all the other a i 's can be expressed in terms of a g then [k(a 1 , . . . , a g ) :
The cover Φ : X g → P 1 has δ + 3 branch points. Let S \ {q 1 , q 2 , q 3 } = {λ 1 , . . . , λ δ }. Then, the isomorphism class of the corresponding curve is determined up to permutation of λ 1 , . . . , λ δ . Invariants of this action are the symmetric polynomials in λ 1 , . . . , λ δ . Hence, Λ(x) has coefficients in terms of the elementary symmetric polynomials s 1 , . . . , s δ of λ 1 , . . . , λ δ . Thus,
. . , b g+1 ) then there are at least δ-independent b i 's. Therefore, s 1 , . . . , s δ can be expressed in terms of b 0 , . . . , b g+1 . Thus, k(b 0 , . . . , b g+1 ) = k(s 1 , . . . , s δ ). Thus, we have the following:
From the computational point of view, to express s 1 , . . . , s δ as rational functions in terms of u 1 , . . . , u d one can proceed as follows. A quick inspection shows that the coefficients of
which are linear polynomials in λ, satisfy a i · ǫ i 3 = a 30−i , for i = 1, . . . , 14, where ǫ 3 is the primitive cubic root of unity with negative imaginary part.
For the polynomial
each coefficient is symmetric in λ 1 , . . . , λ δ ; moreover, each A i is a linear polynomial in s 1 , . . . , s δ . Also,
. . , 15δ − 1. Applying these relations to the dihedral invariants (starting with the last one) we obtain: (ǫ3 u 30δ−1 ) i/2 and as each A i is a linear polynomial in s 1 , . . . , s δ , this provides a linear system of equations, from which we can express each s j as a rational function in u 1 , . . . , u 30δ−1 .
One-dimensional families
Next we describe explicitly the 1-dimensional loci. We find the equations of such loci in terms of invariants i 1 , i 2 . Further, we give a computational proof of the above lemma. As an example, we will compute dihedral invariants in the case that g ≡ 29 (mod 30) and δ = 1.
Let us denote the only parameter as λ. In this case, g = 29 and y 2 = Λ(x) with Λ defined above. Then
It is easily checked that 2 14 u 1 − u 15 29 = 0, as expected from above. Also, any generator of the field k(u 1 , . . . , u 29 ) is a rational function in λ whose degree divides those of u i . As the degrees of u 28 and u 29 are 3 and 2 respectively, without loss of generality we can choose any degree one rational function in λ, that is, k(u 1 , . . . , u 29 ) = k(λ) as expected. The next lemma gives a computational proof of this result for all 1-dimensional loci. From the proof of the following lemma we get an explicit expression on λ in terms of i 1 , i 2 . Such expression will be used in the next section.
Proof The invariants are By Lüroth's Theorem there is a rational function in λ that generates k(i 1 , i 2 ). By computing this generator (see for example [5] ) it is proved that λ is a generator of k(i 1 , i 2 ). The other cases are proved in the same way. ⊓ ⊔ By eliminating λ we can explicitly find the curve
for each of the eight cases. For example, the equation of the curve in the first case is given by
In each case this is a genus 0 curve with degrees 6 and 4 in i 1 and i 2 respectively, hence these curves have singular points. In each case there are exactly three singular points and for each singular point (i 1 , i 2 ) there are two corresponding values of λ.
We determine these points explicitly and present the quadratic equations in λ whose roots determine those points. For each case the second and third singular point corresponds to (i 1 , i 2 ) = (0, 0) and the point at infinity given by I 2 = 0.
Rational models over the field of moduli
In this section we study the field of moduli of hyperelliptic curves with reduced automorphism group A 5 . Let X be a curve defined over C. A field F ⊂ C is called a field of definition of X if there exists X ′ defined over F such that X ′ is isomorphic to X over C.
The field of moduli of X is a subfield F ⊂ C such that for every automorphism σ ∈ Aut(C) the following holds: X is isomorphic to X σ if and only if σ F = id. We will use p = [X ] ∈ M g to denote the corresponding moduli point and M g (p) the residue field of p in M g . The field of moduli of X coincides with the residue field M g (p) of the point p in M g . The notation M g (p) (resp., M (X )) will be used to denote the field of moduli of p ∈ M g (resp., X ). If there is a curve X ′ isomorphic to X and defined over M (X ), we say that X has a rational model over its field of moduli. As mentioned above, the field of moduli of curves is not necessarily a field of definition.
Let X g be a genus g hyperelliptic curve with reduced automorphism group isomorphic to A 5 . Then its field of moduli is a field of definition. Next, we give a rational model of the curve over the field of moduli. 
can be chosen to be decomposable in x 5 as in Eq. (1) .
If g is odd then dihedral invariants are u 1 , . . . , u g , otherwise they are u 1 , . . . , u g−1 . i) Let Aut(p) ∼ = Z 2 ⊗ A 5 . Then X g has normal equation
for each 2 ≤ i ≤ g − 1. For u 1 , u g we have the equation
. Since the discriminant of this quadratic is zero (see Theorem 1) we obtain a g+1 g = u 1 /2. By the transformation x → √ a g x, the curve is isomorphic to a curve with equation
Now, it suffices to show that for 2 ≤ i ≤ g − 1 we have a i a i g = u g+1−i /2 which is equivalent to a i a i g = a g+1−i a i 1 (by the definition of u g+1−i ). This equality can easily be proven by solving the linear system in Eq. (4) for a i and a g+1−i and using these values in the previous equation.
ii) Let Aut(p) ∼ = SL 2 (5). Then X g has normal equation y 2 = x x 2g + a g−1 x 2g−2 + · · · + a 1 x 2 + 1 .
The proof is similar to the above by replacing g with g − 1. The transformation x → √ a g−1 fixes 0 and ∞ and the result follows. Since the dihedral invariants are in the field of moduli M (p) it is enough to show that X g is isomorphic to a curve C whose coefficients are in terms of such invariants.
Part b) follows from part a) and Lemma 5.
⊓ ⊔
Remark 1 Similar equations to the equations in Eq. (1) are given also in [2] , as kindly pointed out by the referee. However, there is no discussion in that paper of the rational model of the curves over the field of moduli. The point of the above theorem is that such equations are defined over the field of moduli.
As it has already been stated, the expressions in parts a) and b) of the previous Theorem define the same p. We will explicitly show this by giving the corresponding isomorphism. In Subsection 2.1 it was determined that the inverse of the transformation σ : x → ix+1 −ix+1 transforms φ into φ 1 . Therefore, the isomorphism given by (x, y) → to obtain the rational model as a polynomial in x 2 .
Computing the rational model
We continue our discussion of 1-dimensional families from section 4. It is clear from Lemma 6 that λ ∈ k(i 1 , i 2 ) is a rational function in terms of i 1 and i 2 . Thus, for every nonsingular moduli point p = (i 1 , i 2 ) we get λ ∈ M (p). Hence, the equation of the hyperelliptic curve as in Eq. (3) is a rational model over the field of moduli. However, on the singular points of the curve F (i 1 , i 2 ) = 0 direct computation for λ is needed. In all the cases the singular points have rational coordinates in the curve F (i 1 , i 2 ) = 0. However, this is not sufficient for the moduli point to be a rational point. For each point, let k( √ d) denote the quadratic extension determined by the corresponding polynomial of Table  2 . From the corresponding values of λ we compute the i 3 invariant. In all the cases this is not k-rational and i 3 ∈ k( √ d). Hence, the field of moduli contains k( √ d). Since the curve has equation given in Eq. (1) then k( √ d) is a field of definition. Hence, k( √ d) is the field of moduli and Eq.
(1) provides a rational model over this field. These computations are summarized in Table  3 , where d is determined for all singular points.
